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Challenges for Inference: Dependence
> Strong dependence makes accurate inference challenging

» Becomes increasingly difficult as dependence strengthens to extreme cases:

» Time-series dependence: e.g., unit roots and classical spurious regression problem
(e.g., Granger & Newbold, 1974; Phillips, 1987)

» Cross-sectional dependence: e.g., spatial unit roots and new type of spurious

regression problem (e.g., Miiller & Watson, 2024)

» This (joint) dependence structure makes accurate inference and assessing
robustness a difficult task

> Reliable inference in time-series regression is, by now, a well-known challenge

» Panel data are often characterized by strong cross-sectional and time-series
dependence which further complicates the issue

» Inference procedures that diminish sensitivity to exact form of dependence are

desirable

38



Challenges for Inference: Dependence
Motivating Example: Nakamura and Steinsson (2014, AER)
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This Paper

> Propose a new jackknife variance estimator for time-series/panel-data
regressions

> Rotate (“orthogonalize”) the data using a specific choice of orthonormal
trigonometric basis functions

» Then perform leave-one-out jackknife variance estimation using the rotated data

» The estimator is:
> Easy to implement
» Tuning-parameter-free
> Agnostic about source of serial dependence in common time-series behavior
> Performs very well in finite samples, especially under strong dependence

» Panel Data: Allows for arbitrary correlations across units

> Setting: t-statistic based inference (i.e., one-dimensional linear restrictions)

> Prove variance estimator enables asymptotically valid inference in range of settings



Conventional Jackknife Variance Estimator
» Consider standard cross-sectional linear regression setup:

vi = a+ T8+ e, Elxie;] =0 i=1,...,N.

9

» \We can stack as
y=X0+e¢, 6=(8,0a), X=[X w].

> Let & be OLS estimator of full sample, and é(_i) be OLS estimator for sample
excluding the ith observation

» Recall the leave-one-out formula:
(X’X)_lxi (yi — xgé)

A_ 9 — P . 4
0 — 0 L (X’X)_lxi ,  where x; = (2;,1)".

—1 . m " H
> Here x;(X'X) "x; € (0,1) is the “leverage” term with larger leverage values
implying “unusual” x; relative to rest of sample



Conventional Jackknife Variance Estimator (cont'd)

» Jackknife (JN) variance estimator of 0is

N
Z‘% ) =)0 — )

» \We can then obtain the HC3 variance estimator

N

Vo= (0 — )85 — )
Jj=1
N 1 N
=xx) Y xx) (g —x40)% | (X'X) ™

= (1-x(X'X) 'x;)?
» Without term in red just Eicker-Huber-White variance estimator

P Leverage weights are asymptotically negligible...but lead to better size control
in finite samples



Orthogonalizing Dependent Processes
» How can we map standard jackknife estimator to dependent case?
> We want to somehow make corr(y;,y;) ~ 0 and corr(x;,z;) ~ 0

» But we want to avoid assuming a specific parametric data-generating process
to avoid misspecification

» Instead, we apply a linear transformation to the data using the functions:
U = [wlw'va]v 1/’] = (wl,ja"'aqz[}T,j)/a

2 (h(Zj - 1)7r)
V2T + 1 2T + 1

Vhj =

» U is orthonormal; i.e., VU’ = ¥'¥ = [
> 4); are trigonometric basis functions of different frequencies

> We order ¥ so that v is the lowest frequency and i the highest



What is U?

> W are the eigenvectors of the variance matrix of a random walk (RW), i.e.

Y = UAgw T,

where [Sgw].. = min(i, j) and Arw is diagonal with rth diagonal element

j

0.2

2r—1)=w
2—2005( 27T+1 )

» By orthonormality, ¥ are also eigenvectors of a white noise (WN) process.

[Arw],, =

> More generally, corr(¢)jz,1jx) = o(1) for a wide class of time series processes,
with rate of convergence determined by their dependence properties.

» Not the same basis functions as:

> Discrete Fourier transform (e.g., Hidalgo & Schafgans, 2021)

» Discrete cosine transform (e.g., Miiller & Watson, 2008)
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What is ¥? (cont'd)

Example: T"= 200

(a) Y1
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Orthogonalizing Dependent Processes (cont'd)

» Let x be a RW. Define z = U’z with z; = ¢.x. Then,

Viz] = V[W'z] = ¥ (PAV') ¥ = Agw = corr(z;,2;) =0, i #j
N—_——

Srw

> z are OLS coefficients from regressing x on each 1); since

T
2=y = (‘I//\I/)_lllf’x = r=Uz= ijzj

—
OLS estimator 7

> Intuition: Represent Gaussian RW as linear combinations of (deterministic)
eigenvectors, where weights are independent (not i.i.d.) Gaussian variables, i.e.

T
x = (x1,22,....07) =4 Zl/)jnj, nj ~ N(O, [ARW]jJ‘)'
J=1
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(a) m1
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Orthogonalizing Dependent Processes (cont'd)

(b) Z?ZI n;i¥;
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Combining Orthogonalization and Jackknife

» Consider a standard time-series regression,
y=a-tr+XB+e,

where y = (y1,...,y7), X = (21,...,27)", and v7 is T x 1 vector of ones

» Transform the data by multiplying through by ¥’
UVy=a - Vip+VXB+Ve &= w=a-(r+ZB+u

» OLS estimator is invariant to this transformation since VU’ = |1
{g} — (Z'Z)'Z'w = (X'VW'X) T X WTy = (X'X) X'y

where Z = [Z CT} and X = [X LT]
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Combining Orthogonalization and Jackknife (cont'd)

> Leave-one-out (LOO) OLS estimator is not invariant to transformation

> Let B\(_j) be the LOO estimator, i.e.,
o] - @z-22) 7 @0 - B
Q(—)

where Z; and w; are the jth rows of Z and w, respectively.

» The JN variance estimator is simply,

T
-~ 2
Vi=> (B —B)
j=1
1 L 1 1
el (X'X)~ 0277 (X'X) e
1( ) j:zl (1 _ Z'/] (X/X)flzj)Q ] 1= ( ) 1

where e; = (1,0,...,0)
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Intuition: Why Might This Work?
> We have that (Z'Z)~! = (X’X) ! because ¥V’ = I

> Simple case: no constant, one regressor, and strict exogeneity (drop leverage):
1« 1 —
~2 2 2 2
TZ“J‘ Zj = TZE[u]' - 2] 4 op(1)

T
1
Z [ujuez;ze] — ?ZE[U/J'UZZ]'ZZ] + 0p(1)

2t

T
Z Eleiesmias] — Z iE[ee’[ve - YjE[za’ |1 + op(1)

s=1t=1 J;ﬂ/

Long-run variance as T — o0

where the third equality follows since z’'u = 2/ ¥’ ¥e = 2'¢

» The second term is o(1) under regularity conditions and the orthogonalization
properties of ¥ = consistency of the JN variance estimator
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lllustrative Example
» Simulate data from the model (Miiller, 2014)

yr = 248 + &

i x _ g
Ty = PpTr—1 + Vg, €t = per + v,

where |p;| < 1,|pe| <1, and {vf} and {v{} are mutually independent,
i.i.d.N(0,1) innovations.

» Vary the sample size and the value of p; 50,000 replications

> 2 cases: (i) single regressor and (ii) four regressors

» Empirical size of t-test of H : 5 = By based on

1. the proposed jackknife variance estimator (W-JN);

2. the NW HAC variance estimator (with Andrews’ data-driven implementation).

» Both procedures use standard normal critical values at 5% nominal level.

15/38



Simulation Evidence: Empirical Size

T =50 T =100 T = 200 T = 500
W-JN NW | U-JN NW | U-JN NW | ¥-JN NW
Scalar Regressor
p=20.00 | 0.057 0.087 | 0.054 0.070 | 0.051 0.059 | 0.049 0.052
p=20.70 | 0.066 0.191 | 0.063 0.145 | 0.057 0.109 | 0.054 0.084
p=0.90 | 0.070 0.340 | 0.073 0.266 | 0.068 0.193 | 0.060 0.125
p=0.95 | 0.066 0.422 | 0.071 0.351 | 0.072 0.273 | 0.066 0.173
p=0.98 | 0.063 0.487 | 0.068 0.444 | 0.073 0.380 | 0.070 0.266
p=0.999 | 0.064 0.537 | 0.066 0.535 | 0.068 0.526 | 0.069 0.500
Four Regressors
p=0.00 | 0.049 0.097 | 0.051 0.073 | 0.049 0.061 | 0.049 0.053
p=0.70 | 0.053 0.224 | 0.052 0.163 | 0.054 0.120 | 0.052 0.085
p=0.90 | 0.048 0.376 | 0.051 0.307 | 0.054 0.220 | 0.053 0.140
p=20.95 | 0.047 0.432 | 0.049 0.388 | 0.052 0.307 | 0.053 0.201
p=0.98 | 0.045 0.464 | 0.047 0.455 | 0.048 0.408 | 0.050 0.314
p=0.999 | 0.044 0.479 | 0.045 0.486 | 0.045 0.483 | 0.045 0.476
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Sampling Assumptions
Model

Assumption TS-1

Assume that (y, x}) are strictly stationary and ergodic satisfying
Yy = a + Bry + &, t=1,...,T,
with:
(1) Elet| x4y xp—1,...] = 0;
(ii) (X'X/T) =, Q and Awin () is bounded away from zero;

(ii7) T~Y/?X'e =4 N(0, %), where ¥ = limp_,o T~ 'E[X'ec’X] is the
long-run variance.

» Throughout we will present results for a constant and single regressor to
simplify notation; paper covers general case

> Let V; be the (1,1) element of Q~1XQ~!
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Sampling Assumptions

Moments and Dependence

Assumption TS-2

Assume that:
(i) C(vg,v1y,E0,60,) = 0 for tg # to;

(ii) T2 Doty ot ta [K2(Vt15 €y, Uty €2, )| = 0(1), where £y is the fourth-order
joint cumulant;

4
(iii) maxi<j<r E ||| S 1, maxigjer B [|[v5(1X0 Xo] —orp)||] S 1
uniformly for all T" sufficiently large;

(iv) T71 Z;‘Ll (qfu? - E[qfu?]) = 0p(1), where g; = .

» (i) holds, e.g., errors are independent of regressors or if £; is MDS with respect
to information set at time ¢

» (ii)—(iv) hold under restrictions on the dependence structure, e.g., mixing or
cumulant summability conditions
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Asymptotic Expansion of \71

Proposition TS-1
Under Assumptions TS-1 and TS-2,

T

T -(Vi—Vi) = : Z W E[ze'|9;)?
s
_C(xta ?)

_%Zq/);w( )¥sWiE [e€’ |95 | +0p(1),
i#s

where = (z1,...,27) and € = (e1,...,e7)".

» First Term: always non-negative
» Second Term: can be straightforwardly estimated
» Third Term: can be handled by orthogonalization properties of ¥
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Sampling Assumptions

Orthogonalization of Variance Matrices

Assumption TS-3

Assume that

T~ iV [z] s E e’ ]9hs = o(1).
J#s

» Simple example: E[&s’] o |7, then term is zero

» Crump, Gospodinov, and Lopez Gaffney (2025) show that ¥ orthogonalizes a
wide variety of time series processes

> For example, for a stationary ARMA(p, q), maxi<; <7 V;E[za’]1ps = O(T1)

» For stronger dependence (e.g., some long memory processes) rate slows to O(7T™")
forv <1
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Consistency of \71

Proposition TS-2
Let Assumptions TS-1-TS-3 hold. If supys; Amax(E[ze’] + E[ez']) = 0,(1) and

C(x2,€?) = 0, then v, —p V1.

» Comparing restrictions to strict exogeneity
» Do not require that E[e¢| z1,...,27] =0
> But does require C(z7,¢7) =0
» Can circumvent this latter requirement by modifying the variance estimator as

~

C(af,€7)

Vipe = Vi + o7t
B T V(@)
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Asymptotic Validity of \71

Proposition TS-3 (Asymptotic Conservativeness)
Let Assumptions TS-1-TS-3 hold and C(z2,22) = C(22,£2) + 0,(1). Then,

T
T(Vape = V1) = 207 T 3 (U [0e]45)" + 0p(1),

j=1

where wi ! is the (1,1) element of Q~'. Furthermore, if C(v7,e?) = 0, then

T
T(V1 - V1) = 207271 Y ($E[ve]95)° + 0 (1)

=1

» This proposition shows that (the bias-corrected) jackknife variance estimator

may not consistently estimate the long-run variance, but the gap is guaranteed
to be positive asymptotically.
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Asymptotic Validity of V; (cont'd)

Corollary TS-1
Let Assumptions TS-1-TS-3 hold. Then for a € (0, 1),

limsupIF’< > ¢! <1a)> <a,
T—o0 2

where ®(-) is the CDF of a standard normal random variable.

o~

B1— B

=

Vl,bc

> t-statistic based inference, using the bias-corrected jackknife variance estimator
and N(0, 1) critical values, provides valid inference under general assumptions.
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General Bias Correction

Predictive Regressions, Local Projections

» In some cases such as predictive regressions and local projections we need to
change the bias corrected estimator

> Recall that predictive regressions/local projections for horizon h have
MA(h — 1) structure

» We work with a modified variance estimator of the form

~

2 Z::ll C(l’tIt—m gtgt—r)

T - V(w,)?

~(h ~
VLIZC = Vl,bC +
to accommodate additional moving average structure

. . 'Y (h .
» In simulation results, we use Vi . or Vg gc as appropriate
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Extensive Simulation Evidence

» h-period predictive regressions with multiple predictors, strong endogeneity and
persistence, and GARCH errors.

» Local projections with GARCH and non-Gaussian errors.

» The LLSW (2018) set of simulation experiments which includes regression
specifications covering distributed lag models, forecasting regressions, and local
projections. Using a dynamic factor model, LLSW randomly select 828
individual data-generating processes for each of 23 different regression
specifications and choices of innovation distributions.

» We compare our jackknife-based inference to HAR estimators (EWC, NW), lag
augmentation, DFT- and DCT-based jackknife methods.

> \We show that the jackknife approach using ¥ has excellent finite-sample (size
and power) properties in these challenging environments and (almost) always
outperforms the alternative procedures.
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Panel-Data Regressions: General Setup

» Standard linear panel-data model:

, .
Yit = @ + T1itf1 + Ty 02+, 1=1,...

> Assume f3; is the parameter of interest

> 21 €R, zo € RE

» \We can stack the model as

Y, = ajr + X181 + Xo b2 + ¢4, 1=1,..
Tx1
X

N,

> We will proceed with FEs only (without x5 ;;) but paper covers general case

» Unbalanced panel case also covered in paper
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Jackknife Variance Estimator
» Stacked model is

Y, =aiur + X601+ €4, 1=1,...,N,
~—
Tx1

» We can rotate data for each i via
\I’/Yvi = Q- \I//LT + \I’/Xiﬂl + \I’/Ei
— Wy=o; - C0 +Z;01 +u

» OLS estimator is still invariant to the transformation using ¥ = can continue
using OLS estimator as basis of comparison

» In panel setting, we form JN variance estimator by

» removing jth observation from eachi=1,..., N

» using (T'— 1) N observations for each JN estimate of 31
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Jackknife Variance Estimator (cont'd)

> Let EL(—J') be the OLS estimator of 3; with the jth observation removed for
eachi=1,...,N; collect 31,(—3') forj=1,....,T

» JN variance estimator is then
T
2
Z B —B)

» Continues to have an HC3 interpretation but now with a leverage matrix

> Not as computationally efficient when N > 1 (can no longer vectorize
estimator) but still easy to implement

» Can be modified straightforwardly to cluster at group level rather than
individual level
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Asymptotic Expansion of \71

Proposition PD-1
Under regularity conditions and if NT~!log(T) — 0,

N < 1 =
T (V= Vi) = w2 T > (@ F?ﬁg t Z C(@1,itx1,00, €iter)
j=1 i,0=1
1 « 2
+ 377 2 |ax @ vy Tar(n @ us)|

1 N
o Z 3w (55 + )bt (55 + Z5) v
1j#s

+ 0p(1)

where T = N1 Zf\il E[X;el], Ty is a block matrix with (i, ¢) block equal to
E[X;e)], w™t is the (1,1) element of plimy ;. (X'X/NT)~!, and

i = C(Xi, Xo), ¢, = Cles, 0)-
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Asymptotic Validity of \71

Corollary PD-1
Under regularity conditions and if NT~!log(T) — 0. Then for a € (0, 1),

lim sup P > o~ (1—9) < a,
T— o0 2

where ®(-) is the CDF of a standard normal random variable.

5 -5

Vl,bc

> t-statistic based inference, using the bias-corrected jackknife variance estimator
and N (0, 1) critical values, provides valid inference under general assumptions

» In the panel case,

N 2uif=1 (C(xl 1t371 0ty 5zt51?t)
NT - -© '
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Simulation Evidence

» We use simulation designs from Hidalgo and Schafgans (2021), Chiang,
Hansen, and Sasaki (2024), and Chen and Vogelsang (2023)

» All three designs feature cross-sectional and time-series dependence

> We fix N =50 and vary T’

» Compare jackknife variance estimator to following alternatives:
o [OLS] Conventional variance estimator

o [EHW] Eicker-Huber-White heteroskedasticity-robust estimator

e}

[Ci] Cluster-robust variance estimator within ¢

[e]

[Ct] Cluster-robust variance estimator within ¢
[DK] The Driscoll-Kraay (1998) variance estimator
[CGM] Two-way cluster-robust variance (Cameron, Gelbach and Miller, 2011)

[e]

[e]

e}

[CHS] Chiang, Hansen, and Sasaki (2024) variance estimator

[e]

[CHSbc] bias-corrected CHS variance estimator (Chen and Vogelsang, 2023)

[e]

[DKA] Driscoll-Kray and Arrelano variance estimator (Chen and Vogelsang, 2023)

[e]

[HS] Hidalgo and Schafgans (2021) variance estimator

31/38



Simulation Design: Hidalgo and Schafgans (2021)
» Data follow the linear model:
Yit = o +1; + By + i, B8=0

where a; and 7); are mutually independent Gaussian random variables with unit
mean and variance and are held fixed across simulations

> Draw location of units, s;, as independent uniform random variable on [0, N]

» Define spatially-dependent error process as

it = PSi(t—1) + V1 — P2€§t7

where
N
e =0e > clien,  coi) = (1+]se — i) 7
=1

and ey are i.i.d. standard Gaussian random variables, V(¢5,) = 1

» 1, are generated same as &4, transformed as x4 — ;4 + e, where py are
mutually independent Gaussian random variables with unit mean and variance
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Simulation Design: Hidalgo and Schafgans (2021)

Empirical Size (5% Nominal Size)

p T OLS EHW Ci Ct DK CGM CHS CHSbc DKA HS JN  UNBC
07 16 | 0.67 0667 056 0276 0376 0.15 0.242 0.145 0.209 0.181 | 0.056 0.073
0.7 32 | 0689 0687 0566 0283 0.253 0.144 0.158 0.111 0.159 0.132 | 0.059 0.060
0.7 64 | 0698 0.696 0556 0.263 0.165 0.119 0.088 0.07 0.11 0.087 | 0.051 0.057
0.7 128 | 0.685 0.683 0.544 0.256 0.115 0.103 0.055 0.046 0.078 0.063 | 0.043 0.053
09 16 | 0.738 0.732 0.556 044 0.606 0.259 0.343 0.164 0.329 0.295 | 0.047 0.063
09 32 | 078 0.783 0566 0.508 0.503 0.289 0.296 0.162 0.279 0.246 | 0.053 0.063
09 64 | 081 081 0558 0528 0345 0301 0.215 0.143 0.195 0.176 | 0.055 0.061
09 128 | 0.815 0.813 0.542 052 0.214 0301 0.143 0.107 0.133 0.111 | 0.044 0.061

» To handle time effects, we use the transformed variables ¢;; and ¢,

1 & 1
yit:yit_ﬁzyitv S'Eit:xit—NZ%t
=1 i=1
» Presence of time effects is unaffected by whether data have been rotated or not

» Empirical size close to nominal size across designs
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Further Extensions Under Study

» Instrumental Variables
» Can modify approach for IV/2SLS settings: rotate data and remove jth
observation from first- and second-stage regressions

> Spatial Regressions
» Utilize Miiller & Watson (2024) framework and use as basis functions the
eigenvectors of variance matrix of Levy-Brownian motion

» Bias Correcting Estimators
» In paper we provide simulation evidence that JN bias correction,

T
—~ ~ (T-1 —~
ﬁbC:Tﬂi(T) E '19(,])
j=1

performs well in AR(1), standard predictive regression model

» General Framework of Resampling “Rotated” Data
> Pairs bootstrap of {wj, Z; }?:1 by sampling with replacement

> This “rotated” bootstrap bias correction performs well for AR(1), standard
predictive regression model (simulation evidence in paper)
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Conclusion

> \We propose a novel JN variance estimator for time-series/panel-data
regressions and prove asymptotic validity of our approach

» We demonstrate excellent finite-sample properties in a series of simulation
experiments using designs that have previously been investigated in the
literature

» Also show that our JN approach leads to a broader framework

> Regression diagnostic (Crump, Gospodinov, and Lopez Gaffney 2025)
> JN bias correction (in this paper)

> Naturally leads to consideration of pairs bootstrap on rotated data (under study)

» Our proposed JN variance estimator is also well suited to panel data models
with more structure imposed

> e.g., reduced-rank regression models prevalent in empirical finance (Crump,
Gospodinov, and Lopez Gaffney 2026)
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APPENDIX

Additional Simulation Evidence: Chiang, Hansen and Sasaki (2024)
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Simulation Design: Chiang, Hansen and Sasaki (2024)

» Data follow the linear model:

Yie = Bo + Xyt B1 + it

with (8o, 81) = (1,1), where (X4, &;:) are generated as

Xit = waaf + w’y’YtI + wee?tv fit = waa§ + w’y’Ytg + weff'tv
V= pYie1 t+ (\/1—,02) . =gt (\/1—/)2) A%,
and (w2, w?, w?) = (w§, wl,wt) = (.25,.5, .25).

v

> (aFf,af,€n, €5, 77, 55) and initial conditions for ¥ and 55, are mutually
independent standard Gaussian random variables

> Note that 7 and 7* generate cross-sectional and time-series dependence
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Simulation Design: Chiang, Hansen and Sasaki (2024)

Empirical Size (Nominal Size: 5%)

p T OLS EHW Ci Ct DK CGM CHS CHSbc DKA HS JN
02 25 | 0.755 0.763 0.846 0.113 0.13 0.115 0.133 0.12 0.114 0.087 | 0.065
02 75 | 0.746 0.751 0.851 0.082 0.081 0.084 0.083 0.078 0.074 0.064 | 0.059
02 125 | 0.742 0.745 0.843 0.069 0.066 0.071 0.069 0.065 0.062 0.054 | 0.051
05 25 |0.788 0.794 0.861 0.188 0.187 0.191 0.188 0.168 0.162 0.106 | 0.063
05 75 10793 0.796 0.872 0.148 0.113 0.151 0.115 0.105 0.101 0.08 | 0.062
05 125 0.788 0.789 0.872 0.144 0.093 0.147 0.095 0.09 0.086 0.06 | 0.052
09 25 10829 0.833 0.858 0.454 0377 0452 0372 0326 0.321 0.183 | 0.046
09 75 | 0895 0.896 0.923 0.536 0.289 0.538 0.289 0.268 0.266 0.146 | 0.067
09 125 0.898 0.901 0.934 0.528 0.236 0.532 0.237 022 0.218 0.116 | 0.066
095 25 0.8 0803 0.816 0483 0394 0476 0384 0341 0334 0.191 | 0.033
095 75 09 0905 0922 0619 0361 0621 036 0336 0333 0.171 | 0.05
095 1251|0918 092 094 0646 032 0647 032 0298 0.296 0.146 | 0.058

» JN variance estimator: empirical size close to nominal size across all designs

> Between 4.5% and 6.2% for all specifications

P All other approaches exhibit size distortions — especially for large p
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