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Uniform inference with general AR (p) processes

Introduction

Introduction: Magdalinos and Petrova (2026)

AR(1) process
xt � µ = ρ (xt�1 � µ) + ut

Related regression models: Predictive Regression and Local
Projection.
Con�dence intervals for ρ with uniform coverage over a parameter
space:

Θ = [�M,M ] , some M > 0

Critical regions for parameters in PR and LP models with correct
asymptotic size uniformly over Θ
Combined data-driven instrumentation procedure:

no discontinuities in the limit distribution
mixed normal limit distribution in all cases
standard inference (testing and CIs) based on N (0, 1)
uniform size
�rst distribution-free inference procedure in explosive case 2 / 22



Uniform inference with general AR (p) processes

Introduction

This paper

AR(p) process

xt = φ1xt�1 + ...+ φpxt�p + ut

We wish to do inference on φ = (φ1, ..., φp)
0

H0 : Hφn = h, rank (H) = q

Wald statistic for testing H0

Wn =
1

σ̂2n
(H φ̃n � h) 0H 0

�
H
�
X 0PZX

� �1H 0��1 (H φ̃n � h) .

φ̃n extension of the MP(2026) IV estimator

Z extension of the MP(2026) instrument

Target: get Wn !d χ2 (q)
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Introduction

This paper

AR(p) process
xt = φ1xt�1 + ...+ φpxt�p + ut

Roots of the characteristic polynomial are the eigenvalues of the
companion matrix R :

sp (R) = fρ1, ..., ρpg � C.

Discontinuity in the asymptotics of the OLS estimator of
φ = (φ1, ..., φp)

0 according to the properties of sp (R).
AR(p) parameter space:

Θ = fρ 2 sp (R) : there exist M , δ > 0 s.t. jρj � M
and sp (R) \ (�1+ δ, 1� δ)c � Rg

Uniform inference on φ requires limit distribution theory along

(ρ1n , ..., ρpn)! (ρ1, ..., ρp). (1)

Rate of convergence and limit distribution theory depends on:

1 the AR category of each ρin ! ρi in (1)
2 the multiplicity of each ρin in (1) 4 / 22
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Results

Categorisation of AR regions

sp (R) = fρ1, ..., ρpg

(ρ1n, ..., ρpn)! (ρ1, ..., ρp).

Let c := limn!∞ n (jρn j � 1) exist in [�∞,∞] .
Then the eigenvalue ρn belongs to one of the following classes:

C(i) near-stationary if c = �∞
C(ii) LUR if c 2 R

C(iii) near-explosive if c = ∞

Classes C(i)-C(iii) have regular and oscillating subclasses:
C (i) = C+ (i) [ C� (i) , etc
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Results

AR(p) companion matrix

Companion matrix:

R =

26664
φ1 φ2 ... φp
1 0 ... 0

0
. . .

. . . 0
0 0 1 0

37775
Simple Jordan form:

geometric multiplicity = algebraic multiplicity (2)

(2) implies that R is diagonalisable i¤ it has distinct eigenvalues
In this case, adaptation of MP(2026) is relatively straightforward:
AR(p) ' p-AR(1) components
(2) also implies that each group of repeated eigenvalues of R is
contained in a single Jordan block which will have size equal to the
number of times the eigenvalue is repeated
Hence, knowing how many times each eigenvalue is repeated is
equivalent to knowing the Jordan form of R (up to permutation)
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Results

Jordan form of companion matrix

AR(2) in companion form:

xn,t = Rnxn,t�1 + un,t Rn = TnΛnT�1n
T�1n xn,t = ΛnT�1n xn,t�1 +T

�1
n un,t

Jordan matrix:

Λn =
�

ρ1n 0
0 ρ2n

�
1 fρ1n 6= ρ2ng+

�
ρn 1
0 ρn

�
1 fρ1n = ρ2n = ρng

Matrix of (generalised) eigenvectors:

T�1n =
1

ρ1n � ρ2n

�
1 �ρ2n
�1 ρ1n

�
1 fρ1n 6= ρ2ng

+

�
ρn �ρ2n
1 0

�
1 fρ1n = ρ2n = ρng (3)

When ρ1n 6= ρ2n , denote

Sn := (ρ1n � ρ2n)T
�1
n =

�
1 �ρ2n
�1 ρ1n

�
(4)
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Results

Asymptotic conditioning of eigenvalues

Data driven criterion for �equality�of ρ1n and ρ2n
How accurately can we achieve this?

ρ̂1n � ρ̂2n = ρ1n � ρ2n + ρ̂1n � ρ1n � (ρ̂2n � ρ2n)

= ρ1n � ρ2n +Op
�
n�1/2 (jρ1n � 1j _ jρ2n � 1j)

1/2
�

= ρ1n � ρ2n +Op
�
n�1/2 (jρ̂1n � 1j _ jρ̂2n � 1j)

1/2
�

= ρ1n � ρ2n +Op
�
l�1n
�

So jρ̂1n � ρ̂2n j can assess the magnitude of jρ1n � ρ2n j only up to a
l�1n Pitman drift.

If jρ1n � ρ2n j = Op
�
l�1n
�
, we design our criterion to give ρ1n = ρ2n

even if this may not hold exactly.
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Results

Asymptotic conditioning of eigenvalues

De�ne the sequence

ln := n1/2
�
jρ̂1n � 1j

�1/2 ^ jρ̂2n � 1j
�1/2

�
and the events

∆n = fln jρ̂1n � ρ̂2n j > Lng , some Ln ! ∞

Since
ln jρ̂1n � ρ̂2n j = ln jρ1n � ρ2n j+Op (1) ,

we conclude that:

1∆n !p 0 if jρ1n � ρ2n j = O
�
n�1/2(jρ1n � 1j

1/2 ^ jρ2n � 1j
1/2)

�
(5)

�Estimate� the Jordan form of R as�
ρ1n 0
0 ρ2n

�
1∆n +

�
ρn 1
0 ρn

�
1∆cn

An error of considering ρ1n 6= ρ2n when in fact ρ1n = ρ2n occurs with
prob. tending to 0
We need to show that asymptotic theory under ∆cn works when
jρ1n � ρ2n j satis�es (5) 9 / 22
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Results

AR(2) instrumentation

AR(2) in companion form:

xn,t = Rnxn,t�1 + un,t Rn = TnΛnT
�1
n (6)

T�1n xn,t = ΛnT
�1
n xn,t�1 + T

�1
n un,t

Estimated Jordan form of Rn :

Λ̂n :=
�

ρ1n 0
0 ρ2n

�
1∆n +

�
ρn 1
0 ρn

�
1∆cn (7)

We are trying to build an instrument process that follows (6) as closely as
possible subject to the MP(2026) instrumentation and information on the
integration order provided by (7):

zn,t = Λ̃nzn,t�1 + ũn,t

Λ̃n :=
�

ϕ1n 0
0 ϕ2n

�
1∆n +

�
ϕn 1
0 ϕn

�
1∆cn

ϕ1n , ϕ2n and ϕn are arti�cial AR roots chosen as in MP(2026).
Selection of ũn,t requires estimation of T

�1
n by OLS in (3). 10 / 22
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Results

AR(2) instrumentation: root selection

Instrument process:
zn,t = Λ̃nzn,t�1 + ũn,t

Λ̃n =

�
ϕ1n 0
0 ϕ2n

�
1∆n +

�
ϕn 1
0 ϕn

�
1∆cn

For i 2 f1, 2g:
ϕin = λin1F+in

+ λ�in1F�in
+Λin1F̄+in

+Λ�in1F̄�in

where: λin 2 C+ (i) ,λ�in 2 C� (i) ,Λin 2 C+ (iii) ,Λ�in 2 C� (iii)
Events Fin de�ned as in MP(2026) for each eigenvalue ρ1n , ρ2n :

Fin = fn (jρ̂in j � 1) � 0g F̄in = fn (jρ̂in j � 1) > 0g

F+in = Fin \ fρ̂in � 0g F�in = Fin \ fρ̂in < 0g
F̄+in = F̄in \ fρ̂in � 0g F̄�in = F̄in \ fρ̂in < 0g
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Results

AR(2) instrumentation: quasi-innovation selection

Instrument process:
zn,t = Λ̃nzn,t�1 + ũn,t

Direction selection:

T̂�1n =
1

ρ̂1n � ρ̂2n

�
1 �ρ̂2n
�1 ρ̂1n

�
1∆n +

�
ρ̂2n �ρ̂22n
1 0

�
1∆cn

Ŝn = (ρ̂1n � ρ̂2n) T̂
�1
n

ũn,t = ũ(d )n,t 1∆n + ũ
(r )
n,t1∆cn

Discrete eigenvalues:

ũ(d )n,t = IF+n
Ŝn∆xn,t + IF�n

Ŝnrxn,t + IF̄+n [F̄�n Ŝn ûn,t

IF+n
= diag

�
1F+1n

, 1F+2n

�
, IF̄+n [F̄�n = diag

�
1F̄+1n[F̄�1n

, 1F̄+2n[F̄�2n

�
Repeated eigenvalues:

ũ(r )n,t = T̂�1n ∆xn,t1F+1n + T̂
�1
n rxn,t1F�1n + T̂

�1
n ûn,t1F̄+1n[F̄�1n

12 / 22



Uniform inference with general AR (p) processes

Results

AR(2) with distinct characteristic roots

x t = Rx t�1 + ut
R diagonalisable: Xt = Snx t

Sn = (ρ1n � ρ2n)T
�1
n =

�
1 �ρ2n
�1 ρ1n

�
=

�
S 01n
S 02n

�
implies that�

X1t
X2t

�
=

�
ρ1n 0
0 ρ2n

� �
X1t�1
X2t�1

�
+

�
ut
�ut

�
MP(2022) instrumentation:�

Z1t
Z2t

�
=

�
ϕ1n 0
0 ϕ2n

� �
Z1t�1
Z2t�1

�
+

�
ũ1t
�ũ2t

�
(8)

n (jρ̂in j � 1) � 0 =) ϕin near-stationary and ũit = ∆xt
n (jρ̂in j � 1) > 0 =) ϕin near-explosive and ũit = ût

Feasibility: need to estimate the directions S1n and S2n
13 / 22
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Results

AR(2) with distinct characteristic roots

Estimate the directions

X1t ' Ŝ 01nx t and X2t ' Ŝ 02nx t

where

Ŝn = (ρ̂1n � ρ̂2n) T̂
�1
n =

�
1 �ρ̂2n
�1 ρ̂1n

�
=

�
Ŝ 01n
Ŝ 02n

�
IV residuals:

ũ1t = Ŝ 01n∆x t1F+1n + Ŝ
0
1nrx t1F�1n + ût1F̄+1n[F̄�1n

ũ2t = Ŝ 02n∆x t1F+2n + Ŝ
0
2nrx t1F�2n + ût1F̄+2n[F̄�2n

Eigenvector estimation error Ŝin is controllable because it only
depends on the estimation error of ρ̂in
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Results

Eigenvector estimation error

IV residuals:

ũ1t = ∆X1t1F+1n +rX1t1F�1n + ût1F̄+1n[F̄�1n � r
(n)
1t

ũ2t = ∆X2t1F+2n +rX2t1F�2n � ût1F̄+2n[F̄�2n + r
(n)
2t

where

r (n)1t = (ρ̂2n � ρ2n)
�

∆xt�11F+1n +rxt�11F�1n
�

(9)

r (n)2t = (ρ̂1n � ρ1n)
�

∆xt�11F+2n +rxt�11F�2n
�

(10)

If ρ2n is explosive and ρ1n is stable, xt is explosive, but:

the exponential decay of ρ̂2n � ρ2n controls (9)
the arbitrary decay of 1F+2n and 1F�2n controls (10)
(Lemma 2 of MP(2026)).

The above ensures the feasibility of the instrumentation in (8).
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Results

IV estimator (distinct characteristic roots)

IV estimator φ̃n of φ: φ̃n =
�
∑n
t=1 z t�1x

0
t�1
��1

∑n
t=1 z t�1xt

Tn = (ρ1n � ρ2n)
�1
�

ρ1n ρ2n
1 1

�
.

Diagonal normalisation matrices Dn (ρ1n , ρ2n) and Dn (ϕ1n , ϕ2n)
depending on the AR regime of ρ1n , ρ2n :

DnT 0n (φ̃n � φ) =
�
D�1nz ∑n

t=1 Zt�1X
0
t�1D

�1
n

��1 D�1nz ∑n
t=1 Zt�1ut

Theorem

When ϕ1n = rϕ2n for r 2 (0, 1), the limit distribution of φ̃n is given by

DnT 0n (φ̃n � φ)!d MN
�
0, σ2

�
V�1xz

�0 VzzV�1xz �
where Vzz > 0 and det (Vxz ) 6= 0 a.s.
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Results

AR(2) with repeated characteristic root

ρn repeated characteristic root

J (ρn) =
�

ρn 0
1 ρn

�
, T�1 (ρn) =

�
ρn �ρ2n
1 0

�
and Xt := T�1 (ρn) x t , the Jordan decomposition gives

Xt = J (ρn)Xt�1 +Ut , Ut = ut

�
ρn
1

�
(11)

Instrument (11) by

Zt = J (ϕn)Zt�1 + ũt

�
ϕn
1

�

Fn = fn (jρ̂n j � 1) � 0g ) ϕn near-stationary, ũt = ∆2xt
F̄n = n (jρ̂n j � 1) > 0) ϕn near-explosive, ũt = ût
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Results

OLS limit theory with near-stationary repeated ch. root

Fixed parameter AR(p): Chan and Wei (1988, AoS)
Extension to ρn ! 1 in C(i):

D (ρn) = diag
h�
1� ρ2n

��1/2
,
�
1� ρ2n

��3/2
i

D (ρn)
�1 1
n

n

∑
t=1
Xt�1X 0t�1D (ρn)

�1 !p σ2
�
1 1
1 2

�
> 0 (12)

Since Zt ' Xt when (ρn � 1) / (ϕn � 1)! ∞ and Zt behaves
asymptotically as

Zt = J (ϕn)Zt�1 + ut

�
ϕn
1

�
when (ρn � 1) / (ϕn � 1)! 0

(12) with (D (ρn) ,Xt�1) replaced by (D (ϕn) ,Zt�1) establishes
Z 0Z asymptotic instrument validity.
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Results

OLS limit theory with near-explosive repeated ch. root

Fixed explosive parameter AR(p): Jeganathan (1988, AoS)
Extension to ρn ! 1 in C(iii):�
ρ2n � 1

�
D (ρn)

�1 J (ρn)
�n

n

∑
t=1
Xt�1X 0t�1J

0 (ρn)
�n D (ρn)

�1 !d M (ξ1, ξ2)

(13)

M (ξ1, ξ2) =

�
ξ21 ξ1ξ2

ξ1ξ2 ξ21 + ξ22

�
> 0

(ξ1, ξ2)
0 � N

�
0, σ2

�
1 �1
�1 2

��
Since the instrument process Zt behaves asymptotically as

Zt = J (ϕn)Zt�1 + ut

�
ϕn
1

�
(13) with (D (ρn) ,Xt�1) replaced by (D (ϕn) ,Zt�1) establishes
Z 0Z asymptotic instrument validity.
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Results

Signal matrix summary

Key result:

D�1n
1
n

n
∑
t=1

Xt�1Z
0
t�1D (ϕn)

�1 !d Ψ, det (Ψ) 6= 0 a.s .

where

D (ϕn) = diag

���1� ϕ2n
���1/2

,
��1� ϕ2n

���3/2
�

Dn is a non-diagonal stochastic normalisation matrix satisfying

kDnk ! ∞

Dn depends stochastically only on the partial sum process Bn (t) of ut
Guarantees asymptotic independence of

n�1/2D (ϕn)
�1 n

∑
t=1

Zt�1ut and [Dn ,Bn (t)]
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Results

Wald statistic

Under H0, the Wald statistic satis�es

Wn = ν0nPH̃ 0nνn , H̃n = H
�
T 0n
��1 �

D 0n
��1 �

V (n)0xz

��1 �
V (n)zz

�1/2

�Score�:

νn =
1

σ̂n

�
V (n)zz

��1/2
n�1/2D (ϕn)

�1
n

∑
t=1

Zt�1ut !d N (0, Ip) .

Critical region: Rn,α =
n
Wn > χ2q (1� α)�1

o
AR(p) parameter space:

Θ = fρ 2 sp (R) : there exist M , δ > 0 s.t. jρj � M
and sp (R) \ (�1+ δ, 1� δ)c � Rg

Theorem (?)

limn!∞ supθ2Θ Pθ (Rn,α) = α

21 / 22



Uniform inference with general AR (p) processes

Conclusion

Conclusion

Question marks:

approximate the IV limit distribution under ∆cn (non-trivial
Jordan form) when eigenvalues are close but not equal
Done for local to unit roots ρ1n = 1+ c1/n and
ρ2n = 1+ c2/n
Scale up the analysis of

D�1n
1
n

n
∑
t=1

Xt�1Z
0
t�1D (ϕn)

�1 !d Ψ, det (Ψ) 6= 0 a.s.

from the AR(2) to the AR(p) case
The method provides inference for AR(p) processes without knowledge of:

type of eigenvalues (stable/unit/explosive)
integration order of the AR(p) ranging from I(0) to I(p)

Extension to VAR(p) interesting but di¢ cult: in general, we lose the
advantage of not having to worry about convergence of sequences of
eigenvectors...
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