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κ = 1

What this talk is about (vs.1)

It’s about sums of random variables:

D

∑
i=1

xi D deterministic and {xi} sequence of r.v.’s

R

∑
i=1

xi R random and depends on {xi}

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 2 / 27



κ = 1

What this talk is about (vs.2)

It’s about a corollary (Engle and Russell, 1998ecma):
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κ = 1

What this talk is about (vs.3)
A time interval (for example, a trading day or a year):

period: [0, t] events: 0 = t0 < t1 < t2 < . . . < tn(t) ≤ t

Observe n(t) durations {xi}
n(t)
i=1 (waiting times between events, xi = ti − ti−1):

0 10
0

9

t

n(
t)

Here, n(t) = max{k : ∑k
i=1 xi ≤ t} is a counting process (t ≥ 0).

Focus: ACD model (Engle & Russell, 1998ecma; Engle, 2000ecma)
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κ = 1

What this talk is about (vs.3)

With the random n(t) defined by

n(t) = max {k : x1 + x2 + · · ·+ xk ≤ t}

the simplest ACD model for xi is given by

xi = ψiεi, i = 1, 2, . . . , n(t),
ψi = ω + αxi−1 (+βψi−1)

and εi > 0 iid with E[εi] = 1.

Integrated ACD [IACD] ‘κ = 1’: α = 1 (α + β = 1)
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κ = 1

What this talk is about (vs.3)

Engle and Russell (1998):

ACD strictly connected to ARCH (stationarity and geometric ergodicity; likelihood,
QMLE, etc), with xi (durations) replacing r2

i (squared returns)
The QMLE of ACD has the same properties as the QMLE for ARCH (same conditions for
consistency and

√
t-asymptotic normality).

This is actually not correct — ACD theory differs from ARCH theory:
QMLE for ACD has very different and surprising asymptotic properties.

Key quantity: the tail index (κ) of the unconditional distribution of the data:

P(xi > u) ∼ u−κ , u → ∞

CMRV (2024joe, 2025ecma):
κ > 1: Gaussian limit theory,

√
t rates

κ < 1: Mixed Gaussian limit theory, slower rates
κ = 1: theory unknown.

This talk: inference and theory for κ = 1.
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κ = 1

ACD properties

Consider the simple ACD with εi i.i.d. exponentially distributed:

xi = ψiεi, ψi = ω + αxi−1

The coefficient α determines properties of xi.

α Stationary and Ergodic Moments Tail index
0 ≤ α < 0.7

√
E[x2

i ] < ∞ κ > 2
0.7 ≤ α < 1

√
E[xi] < ∞ 1 < κ ≤ 2

α = 1
√

E[xi] = ∞ κ = 1
1 < α < eγ ≃ 1.8

√
E[xi] = ∞ κ < 1

Recall tail index κ: P(xi > x) ∼ x−κ .

Recall ARCH(1) stationary: α < 3.6.
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κ = 1

ACD stochastic properties

Consider the ‘GARCH’ ACD with εi i.i.d. exponentially distributed:

xi = ψiεi, ψi = ω + αxi−1 + βψi−1

α0 + β0 Stationary and Ergodic Moments Tail index
nice α0 + β0 < 1

√
E[xi] < ∞ κ > 1

integrated α0 + β0 = 1
√

E[xi] = ∞ κ = 1
wild α0 + β0 > 1

√
E[xi] = ∞ κ < 1
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κ = 1

ACD Tail index

Stationarity and ergodicity | Tail index:

E[log(α0εi + β0)] < 0 | h(κ) = E[(α0εi + β0)
κ ] = 1
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κ = 1

Time span and number of events
We observe trades over some period (e.g. a day): [0, t].
As the length of the period grows, so does the number of events:

n(t) → ∞ when t → ∞.

How fast? For the nice case, t and n(t) are proportional:

α0 + β0 < 1 (κ > 1) :
n(t)

t
p→ constant.

For the wild case, n(t) grows really slowly compared to t:

α0 + β0 > 1 (κ < 1) :
n(t)
tκ

d→ random variable

And for the integrated case? New result: n(t) grows slower than t:

α0 + β0 = 1 (κ = 1) :
n(t)

t/ log(t)
p→ constant
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κ = 1

ACD stochastic properties | Repeated

Consider the ‘GARCH’ ACD with εi i.i.d. exponentially distributed:

xi = ψiεi, ψi = ω + αxi−1 + βψi−1

In short:

α0 + β0 Moments n(t) Tail index
nice α0 + β0 < 1 E[xi] < ∞ prop. to t κ > 1

integrated α0 + β0 = 1 E[xi] = ∞ “small” κ = 1
wild α0 + β0 > 1 E[xi] = ∞ “smaller” κ < 1

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 11 / 27



κ = 1

ACD QMLE

The exponential log-likelihood function is given by

L(ω, α, β) = −
n(t)

∑
i=1

(log ψi + xi/ψi) , ψi = ω + αxi−1 + βψi−1

The QMLE for θ = (ω, α, β)′ is defined as

θ̂ = (ω̂, α̂, β̂)′ = arg max L(ω, α, β)

Nice feature for empirical use: L(ω, α, β) is identical to the ARCH likelihood function
with xi squared returns, so standard software can be used.

However, while software is identical the theory is very different.
ARCH(1) theory: asymptotic normality if {xi} is strictly stationary.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 12 / 27



κ = 1

ACD QMLE

The exponential log-likelihood function is given by

L(ω, α, β) = −
n(t)

∑
i=1

(log ψi + xi/ψi) , ψi = ω + αxi−1 + βψi−1

The QMLE for θ = (ω, α, β)′ is defined as

θ̂ = (ω̂, α̂, β̂)′ = arg max L(ω, α, β)

Nice feature for empirical use: L(ω, α, β) is identical to the ARCH likelihood function
with xi squared returns, so standard software can be used.

However, while software is identical the theory is very different.
ARCH(1) theory: asymptotic normality if {xi} is strictly stationary.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 12 / 27



κ = 1

ACD QMLE

The exponential log-likelihood function is given by

L(ω, α, β) = −
n(t)

∑
i=1

(log ψi + xi/ψi) , ψi = ω + αxi−1 + βψi−1

The QMLE for θ = (ω, α, β)′ is defined as

θ̂ = (ω̂, α̂, β̂)′ = arg max L(ω, α, β)

Nice feature for empirical use: L(ω, α, β) is identical to the ARCH likelihood function
with xi squared returns, so standard software can be used.

However, while software is identical the theory is very different.
ARCH(1) theory: asymptotic normality if {xi} is strictly stationary.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 12 / 27



κ = 1

ACD QMLE

The exponential log-likelihood function is given by

L(ω, α, β) = −
n(t)

∑
i=1

(log ψi + xi/ψi) , ψi = ω + αxi−1 + βψi−1

The QMLE for θ = (ω, α, β)′ is defined as

θ̂ = (ω̂, α̂, β̂)′ = arg max L(ω, α, β)

Nice feature for empirical use: L(ω, α, β) is identical to the ARCH likelihood function
with xi squared returns, so standard software can be used.

However, while software is identical the theory is very different.

ARCH(1) theory: asymptotic normality if {xi} is strictly stationary.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 12 / 27



κ = 1

ACD QMLE

The exponential log-likelihood function is given by

L(ω, α, β) = −
n(t)

∑
i=1

(log ψi + xi/ψi) , ψi = ω + αxi−1 + βψi−1

The QMLE for θ = (ω, α, β)′ is defined as

θ̂ = (ω̂, α̂, β̂)′ = arg max L(ω, α, β)

Nice feature for empirical use: L(ω, α, β) is identical to the ARCH likelihood function
with xi squared returns, so standard software can be used.

However, while software is identical the theory is very different.
ARCH(1) theory: asymptotic normality if {xi} is strictly stationary.
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κ = 1

Main results

Consider behavior of θ̂ = (ω̂, α̂, β̂)′ as t → ∞ (and hence n(t) → ∞ a.s.):

α0 + β0 < 1 κ > 1
√

t(θ̂ − θ0)
d→ N

(
0, µσ2

ε Ω−1) µ = E[xi]

α0 + β0 > 1 κ < 1
√

tκ(θ̂ − θ0)
d→ MN

(
0, λ−1

κ σ2
ε Ω−1) λκ r.v.

α0 + β0 = 1 κ = 1
√

t
log t (θ̂ − θ0)

d→ N
(
0, cσ2

ε Ω−1) c constant

Asymptotic distribution and rate of convergence depend on tail index κ.
Gaussian with rate

√
t if κ > 1 (α0 + β0 < 1)

Mixed Gaussian with rate
√

tκ if κ < 1 (α0 + β0 > 1).
NEW: Gaussian but with rate

√
t/ log t if κ = 1 (α0 + β0 = 1).

Different from (G)ARCH:
√

t(θ̂ − θ0)
d→ N for any κ.

Engle and Russell (1998ecma): θ̂ asymptotically normal irrespective of κ.
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κ = 1

Testing | Integrated ACD

For the ACD given by

xi = ψiεi, ψi = ω + αxi−1 + βψi−1, i = 1, 2, 3, . . . , n(t)

Hypothesis of interest: α0 + β0 = 1 (κ = 1)

Theorem
For α0 + β0 = 1,

t-statistic =
α̂ + β̂ − 1

st.err.
d→ N (0, 1),

LR d→ χ2
1.

Note: QLR d→ V(εi)× χ2
1.
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κ = 1

Essential Insights: likelihood analysis | I/III
Recall:

nice α0 + β0 < 1 κ > 1 n(t)
t

p→ constant

integrated α0 + β0 = 1 κ = 1 n(t)
t/ log(t)

p→ constant

wild α0 + β0 > 1 κ < 1 n(t)
tκ

d→ random variable

In all asymptotic arguments, we need convergence of the information,
I = −∂2L(θ)/∂θ∂θ′ where θ = (ω, α, β)′:

I =
n(t)

∑
i=1

ξi, ξi = g(εi, εi−1, . . .)

We find as t → ∞, and hence n(t) → ∞:

1
t
I p→ const.,

1
t/ log t

I p→ const.,
1
tκ
I d→ random variable

corresponding to the nice, integrated and wild cases above. Crucial: different rates and
random limit of information.
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κ = 1

Essential Insights: likelihood analysis | II/III

Recall:

nice α0 + β0 < 1 κ > 1 n(t)
t

p→ constant

integrated α0 + β0 = 1 κ = 1 n(t)
t/ log(t)

p→ constant

wild α0 + β0 > 1 κ < 1 n(t)
tκ

d→ random variable

In all asymptotic arguments, we need convergence of the score, S = ∂L(θ)/∂θ where
θ = (ω, α, β)′:

S =
n(t)

∑
i=1

ζi, ζi = h(εi, εi−1, . . .)

We find as t → ∞, convergence (in distribution) of the score:

1√
t
S d→ N ,

1√
t/ log t

S d→ N ,
1√
tκ
S d→ MN

Note the MN
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κ = 1

Essential Insights: likelihood analysis | III/III

With S = ∂L(θ)/∂θ and I = −∂2L(θ)/∂θ∂θ′:

Theorem

If α0 + β0 < 1, then n(t)
t

p→ constant and

(S/
√

t, I/t) d→ (N , constant)

If α0 + β0 = 1, then n(t)
t/ log t

p→ constant and

(S/
√

t/ log t, I/(t/ log t)) d→ (N , constant)

If α0 + β0 > 1, then n(t)
tκ

d→ random variable and (jointly; cf. Sweeting, 1992aos)

(S/
√

tκ , I/tκ)
d→ (MN , random information)
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κ = 1

Essential Insights: n(t) | I/V

Recall

n(t) = max{k : x1 + · · ·+ xk ≤ t} = max{k : sk ≤ t} → ∞ (a.s.) as t → ∞,

sn =
n

∑
i=1

xi

and sn(t) = ∑
n(t)
i=1 xi ≃ t.

n(t) → ∞ (a.s.) is not sufficient for CLTs to apply to sums like ∑
n(t)
i=1 ξi (if they apply at

all).

The behavior of n(t), along with ∑
⌊n·⌋
i=1 ξi, is the main ingredient.

The key equality to establish the behavior of n(t) is the ‘inversion’ formula

P(n(t) ≥ k) = P(sk ≤ t)

relating the renewal process n(t) to the random walk sn.
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κ = 1

Essential Insights: n(t) | II/V

Intuition: if xi has finite mean µ = E[xi] (and is geometrically ergodic), i.e. κ > 1:

n(t)
t

=

(
t

n(t)

)−1
≈
(

∑
n(t)
i=1 xi

n(t)

)−1
p→ µ−1.

Formally, this follows from n−1sn = n−1 ∑n
i=1 xi

a.s.→ µ. This LLN implies (inversion
formula)

P
(

n(t)
t ≥ z

)
= P(n(t) ≥ zt) ≈ P(s⌊zt⌋ ≤ t) ≈ P

( s⌊zt⌋
⌊zt⌋ ≤ 1

z

)
→ I(z ≤ µ−1)

If xi has infinite mean, i.e. κ ≤ 1, this result breaks down:

n(t)
t

≈
(

∑
n(t)
i=1 xi

n(t)

)−1

=

( sn(t)

n(t)

)−1
a.s.→ 0

as n(t) does not match the variation in the sum of the xi’s.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 19 / 27



κ = 1

Essential Insights: n(t) | II/V

Intuition: if xi has finite mean µ = E[xi] (and is geometrically ergodic), i.e. κ > 1:

n(t)
t

=

(
t

n(t)

)−1
≈
(

∑
n(t)
i=1 xi

n(t)

)−1
p→ µ−1.

Formally, this follows from n−1sn = n−1 ∑n
i=1 xi

a.s.→ µ.

This LLN implies (inversion
formula)

P
(

n(t)
t ≥ z

)
= P(n(t) ≥ zt) ≈ P(s⌊zt⌋ ≤ t) ≈ P

( s⌊zt⌋
⌊zt⌋ ≤ 1

z

)
→ I(z ≤ µ−1)

If xi has infinite mean, i.e. κ ≤ 1, this result breaks down:

n(t)
t

≈
(

∑
n(t)
i=1 xi

n(t)

)−1

=

( sn(t)

n(t)

)−1
a.s.→ 0

as n(t) does not match the variation in the sum of the xi’s.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 19 / 27



κ = 1

Essential Insights: n(t) | II/V

Intuition: if xi has finite mean µ = E[xi] (and is geometrically ergodic), i.e. κ > 1:

n(t)
t

=

(
t

n(t)

)−1
≈
(

∑
n(t)
i=1 xi

n(t)

)−1
p→ µ−1.

Formally, this follows from n−1sn = n−1 ∑n
i=1 xi

a.s.→ µ. This LLN implies (inversion
formula)

P
(

n(t)
t ≥ z

)
= P(n(t) ≥ zt) ≈ P(s⌊zt⌋ ≤ t) ≈ P

( s⌊zt⌋
⌊zt⌋ ≤ 1

z

)
→ I(z ≤ µ−1)

If xi has infinite mean, i.e. κ ≤ 1, this result breaks down:

n(t)
t

≈
(

∑
n(t)
i=1 xi

n(t)

)−1

=

( sn(t)

n(t)

)−1
a.s.→ 0

as n(t) does not match the variation in the sum of the xi’s.

G Cavaliere – U Bologna & U Exeter κ = 1 Venice Time Series Workshop 19 / 27



κ = 1

Essential Insights: n(t) | II/V

Intuition: if xi has finite mean µ = E[xi] (and is geometrically ergodic), i.e. κ > 1:

n(t)
t

=

(
t

n(t)

)−1
≈
(

∑
n(t)
i=1 xi

n(t)

)−1
p→ µ−1.

Formally, this follows from n−1sn = n−1 ∑n
i=1 xi

a.s.→ µ. This LLN implies (inversion
formula)

P
(

n(t)
t ≥ z

)
= P(n(t) ≥ zt) ≈ P(s⌊zt⌋ ≤ t) ≈ P

( s⌊zt⌋
⌊zt⌋ ≤ 1

z

)
→ I(z ≤ µ−1)

If xi has infinite mean, i.e. κ ≤ 1, this result breaks down:

n(t)
t

≈
(

∑
n(t)
i=1 xi

n(t)

)−1

=

( sn(t)

n(t)

)−1
a.s.→ 0

as n(t) does not match the variation in the sum of the xi’s.
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κ = 1

Essential Insights: n(t) | III/V

How to deal with κ < 1?

We can show that, for an = n1/κ ,

sn

an
=

∑n
i=1 xi

n1/κ

d→ ηκ

with ηκ a positive κ-stable r.v.
Using the inversion formula we obtain

n(t)
tκ

≈
(

∑
n(t)
i=1 xi

n(t)1/κ

)−κ

d→ η−κ
κ =: λκ .

This follows since

P

(
n(t)
tκ

≥ z
)

= P(n(t) ≥ ztκ) ≈ P(s⌊ztκ⌋ ≤ t)

= P

( s⌊ztκ⌋
⌊ztκ⌋1/κ

≤ t
⌊ztκ⌋1/κ

)
≈ P

( s⌊ztκ⌋
⌊ztκ⌋1/κ

≤ 1
z1/κ

)
→ P(ηκ ≤ z−1/κ) = P(η−κ

κ ≥ z)
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κ = 1

Essential Insights: n(t) | IV/V

For κ = 1, things become much more delicate.

In the i.i.d. case, sums typically require both scaling and centering:

a−1
n (sn − dn)

d→ ξ1, (1)

with dn of order n log n.
The presence of the centering term complicates inversion from sn to n(t).
Because κ = 1, P(xi > x) ∼ c0x−1, and we expect

an = n, dn = c0n log n.

However, we could not prove (1).
What we could prove is the law of large numbers under a stronger normalization

sn − c0n log n
n log n

p→ 0,

which implies
sn

n log n
p→ c0.
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κ = 1

Essential Insights: n(t) | V/V

However, setting mt =
⌊

z t
log t

⌋
,

P

(
n(t)

t/ log t
≥ z
)

= P

(
n(t) ≥ z

t
log t

)
≈ P(smt ≤ t)

= P

(
smt − c0mt log mt

mt log mt
+ c0 ≤ t

mt log mt

)
≈ P

(
smt − c0mt log mt

mt log mt
+ c0 ≤ 1

z

)
→ I(c0 ≤ z−1) = I(z ≤ c−1

0 )

which yields the new renewal result

n(t)
t/ log t

p→ c−1
0 .

To the best of our knowledge, this conclusion is new even in the i.i.d. case.
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κ = 1

Empirics

The most applied ACD model is the ACD/GARCH(1,1):

xi = ψiεi, ψi = ω + αxi−1 + βψi−1

Tail index empirically:

κ Data
> 2 IBM: Engle and Russell (1998)
≃ 1 Crypto ETFs: this talk
< 2 DJ: Embrechts, Liniger and Lin (2011)
< 1 SPY: Cavaliere, Mikosch, Rahbek and Vilandt (2024)
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κ = 1

Data example: ETFs tracking cryptocurrency prices

Exchange-traded funds (ETFs) tracking cryptocurrency prices:
Grayscale Bitcoin Mini Trust (BTC), Grayscale Ethereum Mini Trust (ETH), Grayscale
Bitcoin Trust (GBTC), Grayscale Ethereum Trust (ETHE) and Bitwise Bitcoin (BITB).

Time period [0, t]:
Jan–Feb, 2025: NASDAQ (9:30AM to 4PM), trading times in seconds.
35 trading days with 6.5 · 602 = 23,400 seconds of trading every day, hence
t = 35 · 23,400 = 819,000 seconds.
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κ = 1

Data example: ETFs tracking cryptocurrency prices

Number of trades n(t):
BTC 19,366; ETH 35,492; GBTC 157,620; ETHE 120,104; BITB 51,917.
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κ = 1

Data example:

For the ACD(1,1)

xi = ψiεi, ψi = ω + αxi−1 + βψi−1, i = 1, 2, 3, . . . , n(t)

We find for the cryptocurrency trading data:

E[xi] = ∞, or κ ≤ 1.
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κ = 1

Conclusion

New complete estimation and inference theory for ACD models, including testing
for integrated ACD.
Tail index κ is important for both asymptotic and finite-sample properties:

√
t,

√
t/ log t, and

√
tκ rates.

Testing integrated ACD:

LR and t-ratio → χ2 and N (0, 1) respectively.

Ongoing work: bootstrap inference; uniformity issues.
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